Transmission Lines

We have obtained the following solutions for the steady-state
voltage and current phasors in a transmission line:

Loss-less line Lossy line
V(z) = pte B2 L y=e/P? V)=V e V" +V e'”
1 _ _ 1 _ _
I(z)=—(V+e Bz _y eJBZ) I(Z)z—(V+e Z_y eyz)
Z Z

Since V' (z) and I (z) are the solutions of second order differential

(wave) equations, we must determine two unknowns, V' and V7,
which represent the amplitudes of steady-state voltage waves,
travelling in the positive and in the negative direction, respectively.

Therefore, we need two boundary conditions to determine these

unknowns, by considering the effect of the load and of the
generator connected to the transmission line.
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Transmission Lines

Before we consider the boundary conditions, it is very convenient
to shift the reference of the space coordinate so that the zero
reference is at the location of the load instead of the generator.
Since the analysis of the transmission line normally starts from the
load itself, this will simplify considerably the problem later.

New Space Coordinate

We will also change the positive direction of the space coordinate,
so that it increases when moving from load to generator along the
transmission line.

© Amanogawa, 2006 — Digital Maestro Series 66



Transmission Lines

We adopt a new coordinate d = — z, with zero reference at the load
location. The new equations for voltage and current along the lossy
transmission line are

Loss-less line Lossy line
y(d)=vTeP 4y /Pl vdy=vte'd +ye e
1 Bl e i 1 o
1= (Ve -re ) idy= (et -yer)
Z Z

At the load (d = 0) we have, for both cases,
Vy=V"+V"

1(0):210(1/+ —V‘)
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Transmission Lines

For a given load impedance Z;, the load boundary condition is
V(0)=Z2Zg 1(0)

Therefore, we have

Al e :Z—R(V+—V‘)
Z

from which we obtain the voltage load reflection coefficient

FR:K::ZR—Q)
V+ ZR-l-ZO
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Transmission Lines

We can introduce this result into the transmission line equations as

Loss-less line Lossy line
(@)=t eP (14T 2P @)=t (14 e 1)
V+ jBd . V+ vd -
Id="° (I—FRe 2JBd) Id="° (I—FRe 2Vd)
2 Z

At each line location we define a Generalized Reflection Coefficient

[(d)=Tp ¢ 2/Pd I(d)=Tp e "¢
and the line equations become

() =rtePd(1+1(d)) y(d)=rte'd (1+T(d))
V+ede e vd

I(d) = 2 (1-T(d)) I(d) = 2

(1-T(d))
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Transmission Lines

We define the line impedance as

7(d) = rd) _ ~ 1+1°(d)

1(d) " 1-T(d)

A simple circuit diagram can illustrate the significance of line
impedance and generalized reflection coefficient:

A
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Transmission Lines

If you imagine to cut the line at location d, the input impedance of
the portion of line terminated by the load is the same as the line
impedance at that location “before the cut”. The behavior of the line

on the left of location d is the same if an equivalent impedance with
value Z(d) replaces the cut out portion. The reflection coefficient of

the new load is equal to I (d)

Ze 0
1_wReq :r(d): ZR q—l—Z
0

Req

If the total length of the line is L, the input impedance is obtained
from the formula for the line impedance as

v, _VY@) _ , 1+0(L)
"1 IL) ’1-T(L)

n

The input impedance is the equivalent impedance representing the
entire line terminated by the load.

© Amanogawa, 2006 — Digital Maestro Series 71



Transmission Lines

An important practical case is the low-loss transmission line, where

the reactive elements still dominate but R and G cannot be
neglected as in a loss-less line. We have the following conditions:

ol >R 0C>G

so that

Y =\/(jcoL+R)(j(oC+G)

= |joL joC 1+i 1+i
jo L joC

~ jovLC |1+ K + G __RG
joL joC o’LC

The last term under the square root can be neglected, because it is
the product of two very small quantities.
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Transmission Lines

What remains of the square root can be expanded into a truncated
Taylor series

il 5]

jolL joC

( f+(;ﬂ+,@r
:;[R\/§+G\/gj B=vIC

so that
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Transmission Lines

The characteristic impedance of the low-loss line is a real quantity
for all practical purposes and it is approximately the same as in a
corresponding loss-less line

R+ jol L
ZO = ] Rl
G+ joC NC

and the phase velocity associated to the wave propagation is

y 0 |
P B JLC

BUT NOTE:

In the case of the low-loss line, the equations for voltage and
current retain the same form obtained for general lossy lines.
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Transmission Lines

Again, we obtain the loss-less transmission line if we assume
R=0 G=0

This is often acceptable in relatively short transmission lines, where
the overall attenuation is small.

As shown earlier, the characteristic impedance in a loss-less line is
exactly real

I
Zn= |2
07V

while the propagation constant has no attenuation term

y=J(joL)joC)= joJLC = jB
The loss-less line does not dissipate power, because o = 0.
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Transmission Lines

For all cases, the line impedance was defined as

7(d) = Vid) _ ~ 1+1'(d)
1(d  “Vi1-1@

By including the appropriate generalized reflection coefficient, we
can derive alternative expressions of the line impedance:

A) Loss-less line

1+ T pe2/Pd , Zp+ jZtan(Bd)

Z(d)= Z =74
"1-Te 2870 jZp tan(Bd) + 2

B) Lossy line (including low-loss)
1+ FRe_zyd _ ZO ZR + ZO tanh(y d)
1— FRe—ZYd Zp tanh(yd)+ Z,

Z(d) = Z,
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Transmission Lines

Let’s now consider power flow in a transmission line, limiting the
discussion to the time-average power, which accounts for the
active power dissipated by the resistive elements in the circuit.

The time-average power at any transmission line location is
(P(d,t))z%Re{ v(d) I"(d) }

This quantity indicates the time-average power that flows through
the line cross-section at location d. In other words, this is the

power that, given a certain input, is able to reach location d and
then flows into the remaining portion of the line beyond this point.

It is a common mistake to think that the quantity above is the power
dissipated at location d !
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Transmission Lines

The generator, the input impedance, the input voltage and the input
current determine the power injected at the transmission line input.

Generator

Line
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/-
Vin =Vo .
ZG +Zin
.. =V, 1
in G ZG "'Zin
1 *
(Pia) = Re{ Vip Iy |
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Transmission Lines

The time-average power reaching the load of the transmission line
is given by the general expression

( P(d=0, 1)) = % Re {V(O) 1*(0)}

- D

*
=1Re<V+(1+rR)i*(V+(1—FR)) >
2 Z

This represents the power dissipated by the load.

The time-average power absorbed by the line is simply the
difference between the input power and the power absorbed by the
load

\ J

<Pline>:<Pin>_<P(d:09t)>

In a loss-less transmission line no power is absorbed by the line, so
the input time-average power is the same as the time-average
power absorbed by the load. Remember that the internal impedance
of the generator dissipates part of the total power generated.
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Transmission Lines

It is instructive to develop further the general expression for the
time-average power at the load, using Zy=R;+jX, for the
characteristic impedance, so that

| ZO _RO+jXO_RO+jXO

*

Zo ZoZy |z R+ XC

Alternatively, one may simplify the analysis by introducing the line
characteristic admittance

1 :
Yo=—_-=Go+jbBy
2
It may be more convenient to deal with the complex admittance at

the numerator of the power expression, rather than the complex
characteristic impedance at the denominator.
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(P(d=0,t)>:%Re
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11 _Re

20
4l
Re

2
Ll
Re

o
&

2
22y

(RO + jXOJ
(RO + jXOJ

(RO + jXO]

RO—RO‘FR‘2—2XOIm{FR}

V+(1+FRJ%£V+(1—FR] *

0

1+Re{rR}+j1m{rR}]

2
1—

1—‘1‘R‘2+ j2Im{F R}

[Re{r R}] J{Im{l“ R}]

I—Re{FR}-I- jIm{FRH}

2

+/2Im{T |

81



Transmission Lines

Equivalently, using the complex characteristic admittance:

<P(d=0,t)>=%Re V+(1+FRJY6“[V+(1—FRH* -

:@Re Gy=jBy|[1+Re [T |+ jIm{FR}] {I—RG{FR}-FjIm{FR}]}
‘2 5 2

B

S-Re [GO—jBoj - +j2Im{T |

(Re{l“ R}j +[Im{r R}J

:‘V%Re Gy JB,) 1—‘FR‘2+ j2Im{T
\

‘2

2
v+

2

2
GO—GO‘FR‘ +2BOIm{FR}
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Transmission Lines

The time-average power, injected into the input of the transmission
line, is maximized when the input impedance of the transmission
line and the internal generator impedance are complex conjugate of
each other.

Zin
E:> Load

Generator

Transmission line

%
Z~ = Z;, for maximum power transfer
G in
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Transmission Lines

The characteristic impedance of the loss-less line is real and we
can express the power flow, anywhere on the line, as

<P(d,z>>=%Re{V<d> I'(d)}
= % Re {V+ede(1+FRe_jZBd)

i(V*)*e‘de(l—r Re—fzﬁd)*}

£
1 2 1 2
27, 27,
Incident wave Reflected wave

This result is valid for any location, including the input and the load,
since the transmission line does not absorb any power.
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Transmission Lines

In the case of low-loss lines, the characteristic impedance is again
real, but the time-average power flow is position dependent
because the line absorbs power.

(P(d,t))z%Re{ v(d) I"(d) }

- % Re{ ptede/Bd (1+rRe‘27d)

. *
ZL(V+)*eade_]Bd(1_FR8_2yd) }
0
2 2
:220 V*‘ L2od 1 V*‘ c2od i 2

Vo e

Incident wave Reflected wave
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Transmission Lines

Note that in a lossy line the reference for the amplitude of the
incident voltage wave is at the load and that the amplitude grows
exponentially moving towards the input. The amplitude of the
incident wave behaves in the following way

rtetl o ptetd o pt
input inside the line load

The reflected voltage wave has maximum amplitude at the load, and
it decays exponentially moving back towards the generator. The
amplitude of the reflected wave behaves in the following way

Vree®t o 1viTrpe®* o 7T,

- / o J/ o _/

input inside the line load
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Transmission Lines

For a general lossy line the power flow is again position dependent.
Since the characteristic impedance is complex, the result has an
additional term involving the imaginary part of the characteristic

admittance, B, as

(P(d,t)):%Re{ v(d) I"(d) }

= % Re { pre®de/Bd (1+T°(d))

Yo (0r) e*de P (1-r (@)}

2 2
=C;0V+ ezad_C;ow e 20d|p 2

2
+ B, ‘VJ“ 2% 1 (dy)
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Transmission Lines

For the general lossy line, keep in mind that

* . .
I Zy _Ro—jXo _Ry—JXo

Yo=—_-= =Go + jBy
% 202 nf | RAAG
R — X
Go="5 ’ 2 By =5 02
RO+XO RO+XO

Recall that for a low-loss transmission line the characteristic
impedance is approximately real, so that

BO ~(0 and ZO zl/GO zR().
The previous result for the low-loss line can be readily recovered

from the time-average power for the general lossy line.
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Transmission Lines

To completely specify the transmission line problem, we still have
to determine the value of }'+ from the input boundary condition.

»The load boundary condition imposes the shape of the
interference pattern of voltage and current along the line.

» The input boundary condition, linked to the generator, imposes
the scaling for the interference patterns.

We have
7.
Vo, =V(L)=Vg tn with L, = £y L+1I(L)
Lo+ 2Z;, 1-T'(L)
or | /. =/ 2R+ J%0 tan(BL) loss -less line

in =0 jZptan(BL)+ Z
Zp +Zytanh(y L)
Zin =2y 7
g tanh(y L) + Z

lossy line
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Transmission Lines

For a loss-less transmission line:

y(L)=rtePL i+ =rtePLa+r e /2Pl
Z, 1

LG+ Ly ejBL(lJrFRe_szL)

= V=V
For a lossy transmission line:

V(L)=V*e! M [1+T(L)]= Vel " (1 T Re‘zyd)

.

n 1

ZG + Zm eyL(l +FR€_2YL)

= V=V
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Transmission Lines

In order to have good control on the behavior of a high frequency
circuit, it is very important to realize transmission lines as uniform
as possible along their length, so that the impedance behavior of
the line does not vary and can be easily characterized.

A change in transmission line properties, wanted or unwanted,
entails a change in the characteristic impedance, which causes a
reflection. Example:
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Transmission Lines

Special Cases

Zp — 0 (SHORT CIRCUIT)

The load boundary condition due to the short circuitis 1 (0) =0
= Vd=0)=V"eP01+T, e /2P0
=V "1+TR)=0

— FRZ—I
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Transmission Lines

Since

-
Cr=
= V ==V

We can write the line voltage phasor as
V({d)= yrePd 4y P
—prePd _ptiBd
_ V+(eJ°Bd _ e—jﬁd)
=2 V" sin(fd)
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Transmission Lines

For the line current phasor we have

I(d) = ZIO(V%JB“l — Ve Py

= L(VJredel + V+e_jl3d)
Zy

V+ (ede + e_de)

)
= 2;: cos(3d)

The line impedance is given by

zay=" @O BB @)

I(d) 27" cos(Bd)/ A
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Transmission Lines

The time-dependent values of voltage and current are obtained as
V(d,?) = Re[V(d) e/ ] =Re[2j |V [e/° sin(B d) /']
=2V [sin(Bd)-Re[ j e/(®O)
=2| V" |sin(Bd)-Re[ j cos(o?+ 0) — sin(wz + 6)]
=-2| V" |sin(B d)sin(wt+ 6)

I(d, /) = Re[I(d) ¢’®] = Re

=2|V*
=2|V*

=2
Z

cos(3d)-Re
cos(fd)-Re

21V [/ cos(Bd) e’/ Z,

(cos(wz+0)+ jsin(wz+0)]/ Z,

cos(B d) cos(wz + 0)
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Transmission Lines

The time-dependent power is given by
P(d,’)=V(d,?)- I(d,?)
2
VT

=—4 sin(3 d) cos(3 d) sin(wz + 0) cos(wz + 0)

= — sin(2 d)sin (2w + 20)
and the corresponding time-average power is
1,T
<P(d,0)> = ;jo P(d, ?) dt

2
= — | VZ+ | sin(ZBd)%L)Tsin Qwt+20)=0

0
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Transmission Lines

Zp — o (OPEN CIRCUIT)

M

Z() ZR—)OO

w

The load boundary condition due to the open circuitis 7 (0) =0

V+

2
pt
=—1-Tp)=0
Zo( R)
— FRZI
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Transmission Lines

Since

S
V—I—
= V =V
We can write the line current phasor as
1(d) = Zi(mfﬁd — Ve P
0

= ZIO(V“LejBd — V+e_de)

Z A

v (ePd _ g~ /Rdy _ 2jV” sin(B d)
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Transmission Lines

For the line voltage phasor we have
Vid)=(tePd 4y PY)
= (V“Lejﬁd + V+e_de)
= V+(ejl3d + e_de)
=2V" cos(Bd)

The line impedance is given by

V(d): 21T cos(Bd) . 24,

Z(d) = ==J
I(d) 2V sin(Bd)/Z, tan(p d)
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Transmission Lines

The time-dependent values of voltage and current are obtained as

V(d,?) = Re[V(d) e/’ ] =Re[2 |V |/ cos(Bd) e/
= 2|V |cos(Bd)-Re[ /(@19
=2|V" |cos(Bd)-Re[(cos(of + 0)+ jsin(w?+ 0)]
=2| V" |cos(B d)cos(wt+ 0)

I(d, /) = Re[I(d) /'] = Re[2j | V" |/’ sin(Bd) e/*"]/ Z,
=2| V" [sin(Bd)- Re[ je/(®9]/ Z,
=2| V" |sin(Bd)- Re[jcos(of + 0) — sin(w? + 0)]/ Zy

|V+|
A

sin( d) sin(wz + 0)

© Amanogawa, 2006 — Digital Maestro Series 100



Transmission Lines

The time-dependent power is given by
P(d,n)=V(d,?) - 1(d,?) =
2
VT

=—4 cos(B d)sin(B d) cos(wt+ 0) sin(wz + 0)

sin(2B d)sin (2w + 20)
and the corresponding time-average power is
1.7
<P(d,0)> = ;jo P(d, ) dt

2
=—| VZ+ | sin(ZBd)%L)Tsin Qot+20)=0

0
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Transmission Lines

Zp =Zy (MATCHED LOAD)

Z() ZR =Z0

The reflection coefficient for a matched load is
_Zr~%y _Ly—2p _
Zp+Zy Zy+Zy
The line voltage and line current phasors are

V(d)=V"ePda+Tp e 2Py = pred

I(d)= Eejﬁd(l . e—Zde) _ Eejﬁd
ZO ZO

I'p 0 [ noreflection!
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Transmission Lines

The line impedance is independent of position and equal to the
characteristic impedance of the line

JBd
SR
LiBd
A

The time-dependent voltage and current are
V(d,7)=Re[| VT | &/ e/Pd /@)
=V |-Re[e/ @B 1+ | cos(or+ Bd +0)
I(d, ) =Re[| V| /0 P4 /01 Z,

= LN A : Re[ej(®t+ﬁd+9)] = L - cos(oz+pd+0)
A A
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Transmission Lines

The time-dependent power is

P(d,?) =|VT |cos(a)t+Bd+9)| '; lcos(oot+[3d+9)
0

VP

Z

cos’ (ot+Bd+0)

and the time average power absorbed by the load is

Lals
4

2
IV
27,

< P(d)> ——jt cosz(cot+[3d+6)dt
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Transmission Lines

Zp = jX (PURE REACTANCE)

The reflection coefficient for a purely reactive load is

-2y _JX-Z2y _

Tp= _
ZR+Z0 ]X+Z0
_(UX-2y))(JX-2) _ X’ Zo +2] X%y
C(UX+Z)X-Zy)) 72+x® 72+ x?
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Transmission Lines

In polar form

I' g =T g|exp(,0)

where
2 2
2 2 2 2
(X —Zo) 4X2Z(% (ZO + X )
[ gl= - = -1
ZZ 2 2 2 2 2
0+ X ZO + X ZO + X

0 =tan 22XZ02
X2 - 72

The reflection coefficient has unitary magnitude, as in the case of
short and open circuit load, with zero time average power absorbed
by the load. Both voltage and current are finite at the load, and the
time-dependent power oscillates between positive and negative
values. This means that the load periodically stores power and
then returns it to the line without dissipation.
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Transmission Lines

Reactive impedances can be realized with transmission lines
terminated by a short or by an open circuit. The input impedance of
a loss-less transmission line of length L terminated by a short
circuit is purely imaginary

Z,, = jZytan(BL) = j Z, tan(z}thj:jZO tan| 2™/ L

Vp

For a specified frequency f, any reactance value (positive or
negative!) can be obtained by changing the length of the line from ()

to A/2. An inductance is realized for L < A/4 (positive tangent)
while a capacitance is realized for A/4 < L < A/2 (negative tangent).

When L = 0 and L = A/2 the tangent is zero, and the input

impedance corresponds to a short circuit. However, when L = A/4
the tangent is infinite and the input impedance corresponds to an
open circuit.
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Transmission Lines

Since the tangent function is periodic, the same impedance
behavior of the impedance will repeat identically for each additional

line increment of length A/2. A similar periodic behavior is also
obtained when the length of the line is fixed and the frequency of
operation is changed.

At zero frequency (infinite wavelength), the short circuited line
behaves as a short circuit for any line length. When the frequency
iIs increased, the wavelength shortens and one obtains an

inductance for L. < A/4 and a capacitance for A/4 < L < A/2, with
an open circuit at L = A/4 and a short circuit again at L = A/2.

Note that the frequency behavior of lumped elements is very

different. Consider an ideal inductor with inductance L assumed to
be constant with frequency, for simplicity. At zero frequency the
inductor also behaves as a short circuit, but the reactance varies
monotonically and linearly with frequency as

X = ol (always aninductance)
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Short circuited transmission line — Fixed frequency

L L=20
0<L<—
L=?

4
/1<L<}b
4 2
L="

2
2 4

_34

4
3/1<L</1
4

v
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Transmission Lines

Impedance of a short circuited transmission line
(fixed frequency, variable length)
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Transmission Lines

Impedance of a short circuited transmission line

— (fixed length, variable frequency)
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Transmission Lines

For a transmission line of length L terminated by an open circuit,
the input impedance is again purely imaginary

. Z, : Z, Z,
Zin="J tan(([)BL) -/ 207t B 0
tan(L) tan 27 fL
A v

We can also use the open circuited line to realize any reactance, but
starting from a capacitive value when the line length is very short.

Note once again that the frequency behavior of a corresponding
lumped element is different. Consider an ideal capacitor with

capacitance C assumed to be constant with frequency. At zero

frequency the capacitor behaves as an open circuit, but the
reactance varies monotonically and linearly with frequency as

1 .
X = —— (always a capacitance)

oC
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Open circuit transmission line — Fixed frequency

L L=20
0<L<—
L=?

4
/1<L<}b
4 2
L="

2
2 4

_34

4
3/1<L</1
4

v
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Transmission Lines

Impedance of an open circuited transmission line

- (fixed frequency, variable length)
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Transmission Lines

Impedance of an open circuited transmission line

- (fixed length, variable frequency)
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Transmission Lines

It is possible to realize resonant circuits by using transmission
lines as reactive elements. For instance, consider the circuit below
realized with lines having the same characteristic impedance:

e Zy S
Zim | {3 > |Zim
Zit = jZy tan(BL ) Ziwy = jZytan(BL 5 )
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Transmission Lines

The circuit is resonant if LL; and L, are chosen such that an
inductance and a capacitance are realized.

A resonance condition is established when the total input
impedance of the parallel circuit is infinite or, equivalently, when
the input admittance of the parallel circuit is zero

. 1 + — 1 =X |
]Zotan(B,,Ll) jZytan(B,.L,)
or
tan &Ll = —tan &Lz with [3,,:2_%:&
p Vp Ay Vp

Since the tangent is a periodic function, there is a multiplicity of
possible resonant angular frequencies o, that satisfy the condition
above. The values can be found by using a numerical procedure to
solve the trascendental equation above.
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